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Abstract 0 A comparative evaluation of a zero-order input and
the generally accepted instantaneous intravascular input assump-
tion is made for two- and three-compartment open model systems.
Equations are derived and a nomogram is prepared to calculate
the magnitude of error involved in instantaneous input assump-
tions. It is suggested that all intravascular administrations be con-
sidered as zero-order inputs.
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Pharmacokinetic modeling of drug disposition fre-
quently has been used to characterize dosage regi-
mens, toxicity profiles, and pharmacological re-
sponses (1-5). The pharmacokinetic parameters such
as various compartment volume terms and the rate
constants describing the intercompartmental trans-
fer and elimination from the body often have been
appropriately determined by quickly administering
an intravascular dose and assuming that all of the
drug is present in the central compartment when the
kinetic processes of distribution and elimination
begin (2).

Although the assumption of instantaneous intra-
vascular administration simplifies the model, a de-
tailed description of the model, including the kinetic
processes during the period of administration, would
eliminate possible errors due to this assumption.
Also, this model can be used in instances where a
prolonged administration is necessary to build up an-
alyzable concentrations in the blood. The purposes of
this paper are to evaluate comparatively the phar-
macokinetic models with zero-order and instanta-
neous input and to offer a critique on the magnitude
of error involved in the instantaneous intravascular
input assumption.

THEORY

The disposition kinetics of many drugs can be more appro-
priately described in terms of multicompartment models than by
assuming the body to be a single compartment (4) as depicted in
Schemes I and II for the most commonly encountered two- and
three-compartment open models. The kinetics of these models
were analyzed assuming instantaneous input (6).

The time course of drug disposition following zero-order infu-
sion in a two-compartment open model (Scheme I) was reported
(2, 6):
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where:

X1, X2 = amounts in the central and tissue compartments, re-
spectively
b1, b2 = hybrid rate constants
ko = zero-order infusion rate
# = duration of infusion
t’ = (t — 6), time following infusion

A three-compartment open model with zero-order input is
shown in Scheme II. A kinetic description of this model is:

dxl

i ko + ka1x2 + kai1x3 — kiox1 — k13xy — Raer  (Eq. 3)
dx1
_t = ko + ka1xo + kglx_;; - kix1 (Eq. 4)
%xt_z = kyox1 — ka1x2 (Eq. 5)
dxs
G kisx1 — kaixg (Eq.6)

with the conditions x; = x3 = x3 = 0 at ¢ = 0. By using Laplace
transforms, one can write:

(S +k)X1 — ko Xs— kX3 = ko/S (Eq.7)
—k12 X1+ (S+ka)X2=0 (Eq. 8)
—k13X1+ (S+k)X3=0 (Eq.9)

where X,, X2, and X3 are Laplace transforms of x;, x2, and x3, re-
spectively.
When no complex roots are assumed:

A= 8(S+ b1)(S + ba)(S + b3) (Eq. 10)
A1 = Ro(S + ka1 )(S + ka1) (Eq.11)
Ar2 = —kok12(S + k31) (Eq. 12)
Aq,3 = kok13(S + kay) (Eq. 13)
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Scheme I—Two-compartment open model with instantaneous or
zero-order input
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Scheme II—Three-compartment open model with instantaneous or zero-order input

and by Cramer’s rule:
X1 _ A _ (CDAS + k2a)(S + kay)

ko A S(S+b)(S +b)(S + by (Eq. 14)
Xo_Aye _ (—1)%k12(S + ksa1)
ko~ A SE+b)S+b)S by  (Fa19
X3 _ Ays_ (—1)%k13(S + k21)
ko A S(S+b0(S +b2)(S + by (Eq. 16)
with the following solutions:
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xg_ katkiz __ kia(ka1 — by) byt _
ko bibabs bi(bg — b1)(b3 — b1)
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- Eq. 18
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ba(by — be)(b3 — b2) batby — ba)(bz — ba)

These equations describe the time course of drug disposition
during the infusion period. If the infusion is abruptly ceased fol-
lowing time ¢ = 6, the input function corresponds to a rectangular
pulse of length equal to 8. The Laplace transform for such an input
is (7):

f(S) = k_so (1~ e~%) (Eq. 20)

and since:
f(8)e=%S = f(t - 6) (Eq. 21)

the functions described in Eqs. 17-19, minus their displaced coun-
terparts by ¢t’ = t — 8, describe the time course of drug disposition
following the zero-order infusion period:
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(Eq. 22)
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ba(by — ba)(bz — ba)

DISCUSSION

The two-compartment open model was analyzed previously (8-
10) incorporating zero-order input. In this paper, the main con-
cerns are the error involved in instantaneous input assumptions in
both two-and three-compartment open models and how these er-
rors can be corrected following intravascular drug administration.

The equations presented describing the time course of drug dis-
position following the administration period can be modified to ex-
press the fraction of the administered dose remaining in the cen-
tral compartment.

For the two-compartment model:

x1 _ (ka1 — b1)(1 — e~419)

- —byt’
kb biba-b08  ©
(bz—ka)(1—e™®) _, .
- - (Eq. 25
balbs — 56 a2
For the three-compartment model:
x1 _ (ks — ba) (ka1 — b1)(1 — e~) embit' 4
ko b1(bz — b1)(ba — b1)8
(k21 — ba)(ka1 — ba)(1 — e~¥) ebat 4
ba(by — bo)(bs — bs)0
(kg1 — b3)(k31 — by)(1 —e™5¥)
- (Eq. 26)
ba(bz — bs)(bs — b3)b d
since:
ko9 = dose administered (Eq. 27)
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Figure 1—Percent error involved in the intercept value, assum-
ing instantaneous input at various to.s/e ratios.

A similar treatment of Eqs. 2, 18, and 19 gives the fraction of the
administered dose remaining in the tissue compartments. Equa-
tions 25 and 26 also represent the ratio of concentration in the cen-
tral compartment and the concentration at zero time if the total
dose is instantaneously administered:

X)) _ i
ko covs

where ¢; and ¢ are concentrations in the central compartment,
and v, is its volume. These equations can be further simplified:

(Eq. 28)

c1 (1—e b9 _, (1—eb) _
Do fgy 2 et g gy b (Eq.29
P e " e (Eq. 29)
c1 (1-e~b) , (1—e"t® _
—= Ay ————e "t 4 Agp——— b2’ 4
o MM g "
Ap(1—e7®) .
—_e Eq. 30
bat e (Eq. 30)
such that (6) for the two-compartment model:
Ag+Agp=1 (Eq. 31)
and for the three-compartment model:
A+ Azp+An=1 (Eq. 32)

In a model where an instantaneous input assumption is made, it
is assumed that:

1~ e bif
b;0
where i refers to the disposition phase. This factor is in each term

of Eqs. 29 and 30. However, since this fraction (Eq. 33) is always
less than 1, ¢co would invariably be underestimated if an instanta-

=1 (Eq. 33)
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neous input is assumed without correcting the intercepts on the
concentration-time plot. A reciprocal of Eq. 33 multiplied to the
experimental intercept would correct this error. Figure 1 shows the
percent error involved as a function of the disposition phase half-
life and administration period ratio. A total error can be calculated

easily by adding the errors involved in each disposition phase:
 — —b;f
total error, % = 100 i Sbi= 1+ e

i=1 0bi
For example, a detailed pharmacokinetic analysis of fluorocar-
bon aerosol propellants (11) showed that the blood concentration
profile of dichlorodifluoromethane can be given by:

(Eq. 34)

¢1 = 2379.6e70.494%9t 1 362 9p—0.08041¢ 4 18 90—0.01026: (g, 35)
following the administration of the fluorocarbon over 3 min. The
cumulated error involved, from Fig. 1, is 62% if proper corrections
are not made in the calculations. Therefore, the corrected equation
should read:

c1 = 4568.4¢ 7049499t 4 £]37¢—0.08941¢ 4 18 5,—0.01026¢ (Eq. 36)

It is obvious that an instantaneous input assumption will always
result in an error which can be easily corrected if the data are
treated considering the intravascular administration as a zero-
order input (Schemes I and II). Such modification is necessary to
make the pharmacokinetic model more realistic, since there is no
provision of a lag time-in a continuous kinetic model.

These models also can be used for drugs that are too poorly solu-
ble or too irritating to be administered by rapid intravenous injec-
tion and should be administered slowly over a long period. It is not
necessary to achieve an equilibrium for the analysis of pharmaco-
kinetic parameters as was suggested previously (8).
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